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Introduction

Hodge theater: A miniature model of conventional scheme theory that
simulates a situation in which a “global multiplicative subspace” and

“global generators” exist.
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Introduction

Hodge theater: A miniature model of conventional scheme theory that
simulates a situation in which a “global multiplicative subspace” and

“global generators” exist.

Give a “good description” of an obj. obtained by considering the
arith. divisor det'd by the zero locus of the collection of theta values

)
{gi }yeybad

— where q é 1/2l jge{Ll,2,...0* e Z_TI} — that makes sense from

the point of view of an “alien arithmetic holomorphic structure”, i.e.,
the ring/scheme structure of a Hodge theater related to a given Hodge

theater by means of a non-ring/scheme-theoretic “link".

Arata Minamide (RIMS, Kyoto University) Log-Theta Lattice September 3, 2021 2 /54



Alien arithmetic holomorphic structure

k: a p-adic local field (p #2) C k: an algebraic closure

Oy: the ring of integers D OEX: the group of units
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Alien arithmetic holomorphic structure

k: a p-adic local field (p #2) C k: an algebraic closure
Oy: the ring of integers D OEX: the group of units

Note: 2 € OEX is defined as 1 + 1 (by using H-structure)
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Alien arithmetic holomorphic structure

k: a p-adic local field (p #2) C k: an algebraic closure
Oy: the ring of integers D OEX: the group of units

Note: 2 € OEX is defined as 1 + 1 (by using H-structure)

Let a: OF = O be an isom induced by an isom Oy = O of rings
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Alien arithmetic holomorphic structure

k: a p-adic local field (p #2) C k: an algebraic closure
Oy: the ring of integers D OEX: the group of units

Note: 2 € OEX is defined as 1 + 1 (by using H-structure)

Let a: OF = O be an isom induced by an isom Oy = O of rings

= 2 +— 2 (the respective H-structures are shared)
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Alien arithmetic holomorphic structure

k: a p-adic local field (p #2) C k: an algebraic closure

Oy: the ring of integers D OEX: the group of units
Note: 2 € OEX is defined as 1 + 1 (by using H-structure)

Let a: OF = O be an isom induced by an isom Oy = O of rings

= 2 +— 2 (the respective H-structures are shared)

Let 3 : (’)EX 5 (9% be an isom of groups
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Alien arithmetic holomorphic structure

k: a p-adic local field (p #2) C k: an algebraic closure

Oy: the ring of integers D OEX: the group of units
Note: 2 € OEX is defined as 1 + 1 (by using H-structure)

Let a: OF = O be an isom induced by an isom Oy = O of rings

= 2 +— 2 (the respective H-structures are shared)

Let 3 : (’)EX 5 (9% be an isom of groups

= 2 — 7 (the respective H-structures are not necessarily shared)
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Alien arithmetic holomorphic structure

k: a p-adic local field (p #2) C k: an algebraic closure

Oy: the ring of integers D OEX: the group of units
Note: 2 € OEX is defined as 1 + 1 (by using H-structure)

Let a: OF = O be an isom induced by an isom Oy = O of rings

= 2 +— 2 (the respective H-structures are shared)

Let 3 : (’)EX 5 (9% be an isom of groups

= 2 — 7 (the respective H-structures are not necessarily shared)

The degree of “alienness” depends on information which are shared.
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Mono-anabelian transport

Gy € Gal(k/k) ~ A(k) € lim (OX)ln] (= Z(1))

Let (G ~ M) 2= (G~ OX). Write A(M) = lim  Mig[n].
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Mono-anabelian transport

Gy € Gal(k/k) ~ A(k) € lim (OX)ln] (= Z(1))

Let (G ~ M) 2= (G~ OX). Write A(M) = lim  Mig[n].

Theorem

Ifunctorial algorithm
X
¢ 0X(@) A)
corresponding to OEX, A(E). Moreover, 3 functorial algorithm

(G~ M) +—s  the Z*-orbit of A(M) S A(G)

corresponding to the (nat’l) cyclotomic rigidity isom A(k) = A(Gy).
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Note: G ~ (1 = Mioen] - M XM — 1) induces an embedding
Moo HYGA() E lim HY(J,A(M)),
JCG: open
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Note: G ~ (1 = Mioen] - M XM — 1) induces an embedding

Moo HYGA() E lim HY(J,A(M)),

JCG: open

In a similar vein, we have an embedding
OX(C) = H' (G, AG)).

In particular, by applying the previous theorem, we obtain
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Note: G ~ (1 = Mioen] - M XM — 1) induces an embedding
Moo HYGA() E lim HY(J,A(M)),
JCG: open
In a similar vein, we have an embedding
OX(C) = H' (G, AG)).
In particular, by applying the previous theorem, we obtain

Theorem

Ifunctorial algorithm

(G M) the Z*-orbit of M 5 OX(CY)

corresponding to the (nat'l) Kummer isom Oy = OX(G).
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Let v: (Gk ~ OF) S(Gr~ OZ) be an isom (of pairs).
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Let v: (Gk ~ OF) S(Gr~ OZ) be an isom (of pairs). Then

x ~ X
OE OE

ixmll ZXQLZ

O (Gr) —= OF(G)

commutes. In particular, if we identify (’)%< with (’)g (Gg) via

the nat’l Kummer isom, then
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Let v: (Gk ~ OF) S(Gr~ OZ) be an isom (of pairs). Then

x ~ X
OE OE

ixmll ZXle

O (Gr) —= OF(G)

commutes. In particular, if we identify (’)%< with (’)g (Gg) via

the nat’l Kummer isom, then

= 2+ ? € the (Aut(G}), Z)-orbit of 2
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Let v: (Gk ~ OF) S(Gr~ OZ) be an isom (of pairs). Then

x ~ X
OE OE

ixmll ZXQLZ

O (Gr) —= OF(G)

commutes. In particular, if we identify (’)%< with (’)g (Gg) via

the nat’l Kummer isom, then

= 2 — ? € the (Aut(Gy),Z" )-orbit of 2

These indeterminacies “Aut(Gy)", “Z*" correspond to the

indeterminacies (Ind1), (Ind2), respectively, appearing in IUT.
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Mutiradiality
Let THT, THT be two copies of a given [0F! N F-|Hodge theater.
In IUT, we consider the ©-link

"HT — T

where the link is not arising from sch-/ring- theory like a “frobenius”
g ¢ (g€ O, N >2).
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Mutiradiality

Let THT, THT be two copies of a given [0F! N F-|Hodge theater.
In IUT, we consider the ©-link

"HT — T

where the link is not arising from sch-/ring- theory like a “frobenius”
g ¢ (g€ O, N >2).

Suppose: For O € {f, 1}, Ffunctorial algorithm P2

S1T +—— data which are related to the (J-O-pilot object
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Mutiradiality

Let THT, THT be two copies of a given [0F! N F-|Hodge theater.
In IUT, we consider the ©-link

"HT — T

where the link is not arising from sch-/ring- theory like a “frobenius”
g ¢ (g€ O, N >2).

Suppose: For O € {f, 1}, Ffunctorial algorithm P2

S1T +—— data which are related to the (J-O-pilot object

Note: If the link is “isom” arising from sch-/ring- theory, then

(f-data) — (i-data)
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Since the link does not arise from sch-/ring- theory, so, a priori:

relation?

(t-data) <— (i-data)
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Since the link does not arise from sch-/ring- theory, so, a priori:

relation?

(f-data) <— ({-data)
To relate (f-data) to (f-data), we use

@ a coric object “=" an obj. arising from a given Hodge theater

which we can “share” under the link
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Since the link does not arise from sch-/ring- theory, so, a priori:

(T—data) relatlon (i data)
To relate (f-data) to (f-data), we use

@ a coric object “=" an obj. arising from a given Hodge theater

which we can “share” under the link

In IUT, we often use objects isomorphic to

G (G O 0X /(0X) o)

as a coric object. For instance, how about the pair (isomorphic to)

(Gr ~ 02 E 0\ {0}) ?
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This pair may not be regarded as a coric object.
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This pair may not be regarded as a coric object. In fact,

(1Gr A TO2) 5 (G ~ POE)
— foy S tor
= INSTOF/Tof S10L for 51N 1w 1

hence, we can not consider the link like ¢ — ¢" .
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This pair may not be regarded as a coric object. In fact,
(1Gr A TO2) 5 (G ~ POE)
— Tor S ior
= INSTOF/Tof S10L for 51N 1w 1
hence, we can not consider the link like ¢ — ¢" .
Suppose: For O € {t, 1}, Ffunctorial algorithm

SHT +—— aO-coric object °C' (e.g., a top. gp "G = G})
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Then the multiradiality of the functorial algorithms =, = implies:
(f-data) (1-data)
TZ:mult’l alg’'m  F=:mult’l alg’'m

T link IHT
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Then the multiradiality of the functorial algorithms =, = implies:
(f-data) (1-data)

TZ:mult’l alg’'m  F=:mult’l alg’'m

T?;liT link . IHT

alg'm alg'm

fC e
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Then the multiradiality of the functorial algorithms =, = implies:
(f-data) (1-data)

TZ:mult’l alg’'m  F=:mult’l alg’'m

T?;liT link . IHT

alg'm alg'm

tfc ~, ic
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Then the multiradiality of the functorial algorithms =, = implies:

(f- data)
TZ:mult’l alg’'m
T7’ZT

alg'm

link

~

(1-data)

fZ:mult’l alg’'m

Yyt

alg'm

tfc ~, ic
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]
Some of notations
(F/F, E, I, Cg, V, V"2 ¢): an initial ©-data, where

[: a prime number > 5
F: a number field such that v/—1 € F' < F: an alg. closure

E: an elliptic curve over F' that has stable reduction at all v € V(F)"°"

(oW
e}
—h

K = F(E]l]) 2 F 2 Fpoq: the field of moduli of E
V C V(K): the image of a splitting of V(K) — V(Finod)
— y — ybad UngOd) o

—~~

x g \ {o}: the hyperbolic curve over F assoc. to E

def . , .
X — Xk = X xp K: a certain finite étale covering of degree [
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We consider

foev™ = X X, € X xg K, e, "X X0

if v e V8°°d = 3 certain finite étale covering gg - X,

e [TR(X) eyt
“ ﬂft(gg) v € V&l finite

F,: the algebraic closure of K, det'd by v and F' (up to conj.)

Gy, ¥ Gal(F,/K,): the absolute Galois group of K,

ifve V™ = Of: thering of integers 2 02 = Of \ {0}

2 OX : the group of units — OZ*

A

"
O%E / (’)1
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Theta monoid (’)% QT

Let us recall the Frobenius-like/étale-like theta monoids at v € yhad

and the Kummer isomorphisms bewteen them:
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Theta monoid (’)% Q§

Let us recall the Frobenius-like/étale-like theta monoids at v € yhad

and the Kummer isomorphisms bewteen them:

‘I']-‘@(Tig) = (\I’eHV(M*e(Tiy)) = ‘PeHV(M*@(THg)) <:) W@(Tﬂg)

OO\P}‘G(Tig) = (oo\PeHV(M?(Tig)) = oo\I’env(M*@(THE)) <:) oo\IJ@(THQ)
(cf. the cyclotomic rigidity of mono-theta environments).

We consider the following radial environment:
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Theta monoid (’)% QT

Let us recall the Frobenius-like/étale-like theta monoids at v € yhad

and the Kummer isomorphisms bewteen them:

‘I’]-‘@(Tég) = (\I’eHV(M*e(Tiy)) = ‘PeHV(M*@(THg)) <:) W@(Tﬂg)

OO\P}‘@(Tig) = (oo\PeHV(M?(Tig)) = oo\I’env(M*@(THE)) <:) oo\IJ@(THQ)
(cf. the cyclotomic rigidity of mono-theta environments).

We consider the following radial environment:

C (coric category) — Obj: (G m@;”) = (Gy (9%“, {ZH}aca,)

Hom: an isom between “(G m@i“)” that is comp. w/ “{Z{}nca,”
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R (radial category) — Obj: data consists of the following:

(ag) 11, = II;

(bg) the étale-like cyclotome 11, ~ (I-Ag)('1L,);

(cet) the étale-like unit groups 'I1,(— '(,) ~ (OEX(*HL) — Og(ﬁ‘nﬁ));
(dgt) the étale-like theta monoids We('11,), «oWe('11,);

(e¢t) the canonical splitting

{(OF 1) =2 (1)) /0% = Ot < (< (1)/0% ) }(L,D);
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(2eny) the mono-theta environment M9 def MO (111,);

(beny) the exterior cyclotome 11, ~ TI,(MP);

(Cenv) the unit groups '11,(— 'G,) ~ (@QX (MO) —» 6;“(1\415’));
(denv) the mono-theta theoretic theta monoids Wg (M), «We(MD);
(

€eny) the canonical splitting

(02 (10w 2)) /05012) = TR0 (s (IO M)}

(f) the cyclotomic rigidity isom. (bg) — (beny) (cf. (aenv));

(g) (Cét) = (Cenv)- (dét) = (denv)v (eét) = (eenv) (Cf- (f)),
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(h) (G~ O") = (Go ~ O, {Tf nca.);

() anisom. (Cy~OZF ) 5 (G~ OM) (cf. (ca), (h));

(j) the diagram
)

—~
oo

—~
=

12
Ql
X
=

|

7 Zero Xl"‘
OE('?‘ML) — OE("‘HL)

12

I,(MD)®zQ 5 OF(1M2)

Hom: omit
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(h) (G~ O") = (Go ~ O, {Tf nca.);

() anisom. (Cy~OZF ) 5 (G~ OM) (cf. (ca), (h));

(j) the diagram

)

D
12

(i)
uw zero X “AXMW
OE(’?ML) = OE(THL) 0,".

12

I,(MD)®zQ 5 OF(1M2)

Hom: omit

= Since the functor ® : R — C obtained by “forget. all except (h)”

is full, we obtain a multiradial environment (R,C, ®).
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In particular, [the “functor” det'd by] the algorithm
M, = We('1L) 5 Ue(M?Y), V(1) = Te(MY)
— whose output data are appearing in the above Kummer isoms
\I’}‘@ (Tiy) = \I]@(Tﬂg)a oo\I/J-‘@(Tig) = oo\Il@(THQ)

— may be regarded as a multiradial algorithm.
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Gaussian monoid O%v : ({gi2 Vet )N

Let us recall the étale-like theta monoids at v € VPad
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|
Gaussian monoid O%v : ({gi2 Vet )N

Let us recall the étale-like theta monoids at v € VPad

def N
Pyan('TL,) = {(OE(THE))@%)f c II (Of(mg))m}g

[t|eT*

def
oo Pgan('T,) = {(Of(mg))@*)‘f@zo < 11 (Of(mg))m}f

[t|eT*

— where ¢ € HItIET*(OED(THU))W is a valued-profile corr. to
i 12 i 22 1% 1% 2
(Giogs Giegss s G )

— where (,; is a generator of ;.
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Obstacle (1): The (output) “theta values” is not multiradial.
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Obstacle (1): The (output) “theta values” is not multiradial.

Note: We can not share (G, ~ OF) under the ©-link.
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Obstacle (1): The (output) “theta values” is not multiradial.
Note: We can not share (G, ~ OF) under the ©-link.

= We introduce the notion of a log-shell — which we can share under

the ©-link — and a modified ver. of “theta values” which acts on it.
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Obstacle (1): The (output) “theta values” is not multiradial.
Note: We can not share (G, ~ OF) under the ©-link.

= We introduce the notion of a log-shell — which we can share under

the ©-link — and a modified ver. of “theta values” which acts on it.

Definition
We refer to

7 (2p) " logg(OF) € k = {0} U (Op)%®

— where logy; : OEX — k is the p-adic logarithm — as the log-shell.
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Obstacle (1): The (output) “theta values” is not multiradial.
Note: We can not share (G, ~ OF) under the ©-link.

= We introduce the notion of a log-shell — which we can share under

the ©-link — and a modified ver. of “theta values” which acts on it.

Definition
We refer to

7 (2p) " logg(OF) € k = {0} U (Op)%®

— where logy; : OEX — k is the p-adic logarithm — as the log-shell.

Note: 0;*®Q 5 IoQ O'e@2p™t 5 I

Arata Minamide (RIMS, Kyoto University) Log-Theta Lattice September 3, 2021 19 / 54



Obstacle (2): To define logz, we need the ring structure of k.
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Obstacle (2): To define logz, we need the ring structure of k.

= We use an infinite chain of the log-link:

logz
log: 07 2 OF - 0X®@Q = k 2 O
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Obstacle (2): To define logz, we need the ring structure of k.

= We use an infinite chain of the log-link:

logz

log: 07 2 OF - 0X®@Q = k 2 O

Obstacle (3): The Kummer isom are not compatible w/ the log-link.
OF (1Y) —— O (ITY)

KumT TKum

log
> >
OE OE

Arata Minamide (RIMS, Kyoto University) Log-Theta Lattice September 3, 2021 20 / 54



Obstacle (2): To define logz, we need the ring structure of k.

= We use an infinite chain of the log-link:

logz
log: 07 2 OF - 0X®@Q = k 2 O

Obstacle (3): The Kummer isom are not compatible w/ the log-link.
02 (1) — 02 (1)

KumT TKum

log
> >
OE OE

= We use inclusions OF C Z 2 logz(O)). In particular, “I(Htgp)"

contains the images of Kum assoc. to both the dom/codom of log

(“upper semi-commutativity”). = (Ind3)
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Theorem (An Approximate Statement of the Main Theorem of 1UT)
For a general initial ©-data (F/F, E, I, Cr, V, VP ¢),
Fsuitable multiradial algorithm whose output data consist of

the following three objects «\~ (Ind1), (Ind2), (Ind3)

@ the collection of log-shells {Z,}vev;

Ly,

o the theta values {¢@"} [Lev
=v ===

o the number field Fnoa ~ [[yey(Zo ® Q).

Moreover, this alg'm is compatible w/ the O-link "HT — *HT.
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Log-links

v € V" a place lying over p € Z

1§ = {TFulwey: an F-prime-strip. In particular,

T.FU ~ (THE ~ T@i).
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Log-links

v € V" a place lying over p € Z

5= {T]-"M}wey: an F-prime-strip. In particular,
7~ (M, ~ T@‘;)~

Then, by applying the theory of [AbsToplll], we can reconstruct

the natural field structure on (T@';)gp u{0}.
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Log-links

v € V" a place lying over p € Z
5= {T]-"M}wey: an JF-prime-strip. In particular,
T‘FE ~ (THE ~ Té‘;)

Then, by applying the theory of [AbsToplll], we can reconstruct

the natural field structure on (T@Z)gp u{0}.

— We can define p-adic logarithm on T@; ® Q.
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Log-links

v € V" a place lying over p € Z

5= {T]-"M}wey: an F-prime-strip. In particular,
7~ (M, ~ Té‘;)

Then, by applying the theory of [AbsToplll], we can reconstruct

the natural field structure on (T@Z)gp u{0}.

— We can define p-adic logarithm on T@; ® Q.

— We obtain a new field str. on T@; ®Q st. ‘W' corr. to “H".
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Log-links

v € V" a place lying over p € Z
5= {T]-"M}wey: an JF-prime-strip. In particular,
T‘FE ~ (THE ~ Té‘;)

Then, by applying the theory of [AbsToplll], we can reconstruct

the natural field structure on (T@Z)gp u{0}.

— We can define p-adic logarithm on T@; ® Q.

— We obtain a new field str. on T@; ®Q st. ‘W' corr. to “H".

Note: OEX@)Q S5k X~ @
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Write B
KiF,) ¥ 10X eqQ

for this new field.
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Write B
KiF,) ¥ 10X eqQ

for this new field. Thus, we obtain

g('7) < (ML, ~ OF

(T]:E)) (g TFQ)
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Write B
KiF,) ¥ 10X eqQ

for this new field. Thus, we obtain

g('7) < (ML, ~ OF

(T]:E)) (g TFQ)

Note: 7 analogous construction for w € V¢
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.
Write B
KiF,) ¥ 10X eqQ
for this new field. Thus, we obtain

def ~
[UG(T]'—Q) = (THQQOE(T_FE)) (= T}-g)-

Note: 7 analogous construction for w € V¢

— a new F-prime-strip log('g) def {Iog(T}@)}wey
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.
Write B
KiF,) ¥ 10X eqQ
for this new field. Thus, we obtain

def ~
[UG(T}—Q) = (THQQOE(UEE)) (= T}-g)-

Note: 7 analogous construction for w € V¢
. . T def 1
= a new F-prime-strip log("§) = {log("Fu)}wev

Observe: The underlying D-prime-strip of log(T§) coincides with
the underlying D-prime-strip of TF.
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Write B
KiF,) ¥ 10X eqQ

for this new field. Thus, we obtain

def ~
[UG(T}—Q) = (THQQOE(UEE)) (= T}-g)-

Note: 7 analogous construction for w € V¢
. . T def 1
= a new F-prime-strip log("§) = {log("Fu)}wev

Observe: The underlying D-prime-strip of log(T§) coincides with
the underlying D-prime-strip of TF.

t9TOEINF 9, OFINF, O©*°INF-Hodge theaters
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fgyTP-OFINF 19 D-OFNF, ypq underlying D-O*°INF theaters
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fy7D-OFUINE - fiq pD-OINE, ho underlying D-O*°INF theaters

+ell ~ +ell . .
Aty P-OTTNE &y T P-OFNE induces an isom.

Dn (DeTuJUu{~}U{>}) of D-prime-strips.

September 3, 2021 24 / 54
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fy7D-OFUINE - fiq pD-OINE, ho underlying D-O*°INF theaters

. Ty P-OFINF % {97 D-0FINF

= induces an isom.
Mo 5 1O (DeTUJU{~}YU{>}) of D-prime-strips.

3

= Fisom. log("'§n) = 30 of F-prime-strips (cf. Observe).
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fy7D-OFUINE - fiq pD-OINE, ho underlying D-O*°INF theaters
= PO INE X 9y D-6FNE indices an isom.
on 5 D (ODeTuJUu{~}U{>}) of D-prime-strips.

3

= Fisom. log("'§n) = 30 of F-prime-strips (cf. Observe).

We shall write
TTHTeiellNF [g THT@iellNF

and refer to as the (full) log-link the collection

[

{1og(""30) ? 1S0}oeruioi-1uis1,

~

. . —_ _@=Eell _@=Eell
— where we consider all isoms Z : ftg7P-07"NF =ty 7D-6FINF
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Log-shells
We shall refer to

def

Ty, © & -In((10;) M 10 - k(1) € k(F) M

as the Frobenius-like holomorphic log-shell.
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Log-shells

We shall refer to
Ty, @ & -Wm((0)™ = 10; - k(7)) C kiF)™
as the Frobenius-like holomorphic log-shell.

Note: 7 analog. construction for w € V&€,
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Log-shells

We shall refer to
Ty, @ & -Wm((0)™ = 10; - k(7)) C kiF)™
as the Frobenius-like holomorphic log-shell.

: def
Note:  analog. construction for w € V¥, = Tz = {Zi 7, twev
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Log-shells

We shall refer to
Tip, ¥ L In((1O)) ™ 10} — k(7)) C R(F) ™

as the Frobenius-like holomorphic log-shell.

. def
Note: 7 analog. construction for w € V¥¢, — Tiz = {If]:ﬂ}wey

"D = {Dy }wev: a D-prime-strip  (In particular, 7D, ~ TII,.)
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Log-shells

We shall refer to
Ty, @ & -Wm((0)™ = 10; - k(7)) C kiF)™
as the Frobenius-like holomorphic log-shell.

. def
Note: 7 analog. construction for w € V¥¢, — Tiz = {If]—'ﬂ}wey

"D = {Dy }wev: a D-prime-strip  (In particular, 7D, ~ TII,.)

— We can construct an F-prime-strip §(1D).
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Log-shells

We shall refer to

Ty, % L Im(((0))™ < 10) - k(iF)) € k(iF)™

as the Frobenius-like holomorphic log-shell.

. def
Note: 7 analog. construction for w € V¥¢, — Tiz = {If]—'ﬂ}wey

"D = {Dy }wev: a D-prime-strip  (In particular, 7D, ~ TII,.)

— We can construct an F-prime-strip §(1D).

Thus, we can define the collection

def
Tin = ZI(in)

of the étale-like holomorphic log-shells.
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|
T xn = {T}zxu}wey: an F™*H_prime strip. In particular,
A X
R~ (16~ 10, {Titucia,)

— where {T}i}yciq, = {Im((@%ﬂ)H — O%f)}HgGE;open-
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-
T = {T}zxu}wey: an F™*H_prime strip. In particular,
TR~ (16, ~ 100", {Th}ncic,)
— where {Tji}ycig, = {Im((OF)" = OX) bicg,open:
Then since we can reconstruct “p” (from T}";X“), and, moreover,
k(e € 1o eQ 5 10 00
we can define Frobenius-like mono-analytic log-shell

IT X g %+(TIL:XH)

Fu
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-
T = {T}zxu}wey: an F™*H_prime strip. In particular,
TR~ (16, ~ 100", {Th}ncic,)
— where {Tji}ycig, = {Im((OF)" = OX) bicg,open:
Then since we can reconstruct “p” (from T}";X“), and, moreover,
k(e € 1o eQ 5 10 00
we can define Frobenius-like mono-analytic log-shell

IT X g %+(TIL:XH)

Fu

Note: - analog. const. for w € V¥,
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-
T = {T}zxu}wey: an F™*H_prime strip. In particular,
TR~ (16, ~ 100", {Th}ncic,)
— where {Tji}ycig, = {Im((OF)" = OX) bicg,open:
Then since we can reconstruct “p” (from T}";X“), and, moreover,
k(e € 1o eQ 5 10 00
we can define Frobenius-like mono-analytic log-shell

IT X g %+(TIL:XH)

Fu

def

Note: - analog. const. for w € V¥*¢, — Tigrxu = {IT]_.EXM}QEy
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1D = {ID] }wev: a D -prime-strip (In particular, "D} ~ 1G,.)
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Toh = {TDL}QGY: a D -prime-strip  (In particular, TD; ~ 1G,.)

— We can construct an F~*H-prime-strip §*#(TD").
Thus, we can define the collection
def
Z’(@)— - I@l—xu(fgl—)

of the étale-like mono-analytic log-shells.
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Toh = {TDL}QGY: a D -prime-strip  (In particular, TD; ~ 1G,.)

— We can construct an F~*H-prime-strip §*#(TD").
Thus, we can define the collection
def
Z’(@)— - I@l—xu(fgl—)
of the étale-like mono-analytic log-shells.

T% sy TFxH

i

1D s TDF
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Toh = {TDL}QGY: a D -prime-strip  (In particular, TD; ~ 1G,.)

— We can construct an F~*H-prime-strip §*#(TD").
Thus, we can define the collection
def
Z’(@)— - I@l—xu(fgl—)

of the étale-like mono-analytic log-shells.

15 oy TEXH Tiz —— Tigrxu
é ﬁ == J{z J{z ~ (Ind2)
T@ AAAAAAS T@F IT@ — IT@F

— where (Ind2)g = Ism, (= AUtéikKum(O%u))-
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Let 7 € {Zix,, Zip,}. Then, using the field str. on Z® Q (= Ky),
for any cpt op. A CZ®Q, we can define the volume p,(A) € R
satisfying the following:

e ANB=0 = py(AUB) = puy(A)+ py(B).
01cZI®Q (2K, = up(r+A)=pu,(A).

® 1iy(“the ring of integers in Z® Q") = 1.
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Let 7 € {Zix,, Zip,}. Then, using the field str. on Z® Q (= Ky),
for any cpt op. A CZ®Q, we can define the volume p,(A) € R
satisfying the following:

e ANB=0 = pu,(AUB) = puy(A)+ p(B).

02cI®Q (=K, = mw(r+A)=p(A).

® 1iy(“the ring of integers in Z® Q") = 1.

Write ,ugg(A) def log(py(A)) for the log-volume of A.
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Let 7 € {Zix,, Zip,}. Then, using the field str. on Z® Q (= Ky),
for any cpt op. A CZ®Q, we can define the volume p,(A) € R
satisfying the following:

o ANB=0 = u(AUB) = py(A)+ py(B).
e 2€I®Q (2K, = m(r+A)=pm(A).
@ /uy(“the ring of integers in Z®@ Q") = 1.

Write ,ugg(A) def log(py(A)) for the log-volume of A.

Note: Tsimilar notion for w € V¢,
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Let 7 € {Zix,, Zip,}. Then, using the field str. on Z® Q (= Ky),
for any cpt op. A CZ®Q, we can define the volume p,(A) € R
satisfying the following:

o ANB=0 = p(AUB) = py(A)+ py(B).
0 relI®Q (=K, = m(r+A)=p(A)
@ /iy(“the ring of integers in Z® Q") = 1.

Write ,ugg(A) o log(py(A)) for the log-volume of A.

Note: Tsimilar notion for w € V¢,

By applying the theory of [AbsToplll], we can also reconstruct ,ulwog

on I xu ®Q and Zipr ® Q (s.t. they are “compatible”).
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Processions

Note: The (re)const'n of labels j € F} =F/{£1} = {1,... ,1*}
dep. on “II," which is not “shared” by an alien arith. hol str. So
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Processions

Note: The (re)const'n of labels j € F} =F/{£1} = {1,... ,1*}
dep. on “II," which is not “shared” by an alien arith. hol str. So

s ©O-link
1,2, ..., 0% Yo 9 2
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Processions

Note: The (re)const'n of labels j € F} =F/{£1} = {1,... ,1*}
dep. on “II," which is not “shared” by an alien arith. hol str. So

1,2, ..., 0% Por 0 ?

Sy ey eeey

—> We consider a procession, i.e., the diag. of inclusions of fin. sets

Sli — S;E e Sﬁrl — e S?L;_L
— where we write Sﬁlz{o,l,... gy 1F d:efl*+1, and we think

of each of these sets as being subj. to arbitrary permutation automs.
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Processions

Note: The (re)const'n of labels j € F} =F/{£1} = {1,... ,1*}
dep. on “II," which is not “shared” by an alien arith. hol str. So

1,2, ..., 0% o 9 ?

g vy ey

—> We consider a procession, i.e., the diag. of inclusions of fin. sets

Sli — S;E e Sﬁrl — e S?L;_L
— where we write Sﬁlz{o,l,... gy 1F d:efl*+1, and we think

of each of these sets as being subj. to arbitrary permutation automs.

= If one allows j = 0,...,I* to vary, then this trick reduces the

resulting label indet. from a total of possibilities (li)li to [*!
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Local tensor packets

{Ts‘t|}|t|€‘T|: a “capsule” of F-prime-strips
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Local tensor packets

{TS‘t|}|t|€‘T|: a “capsule” of F-prime-strips
= {(Bipess = -+ TSudpest = = (B pesy)

Let us define the local holomorphic tensor packets as follows:
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Local tensor packets

{TS‘t|}|t|€‘T|: a “capsule” of F-prime-strips
= {(Bipess = -+ TSudpest = = (B pesy)

Let us define the local holomorphic tensor packets as follows:

For [t| € T, vlvg € V(Q), 1<j <141,

= def ~
k®(T*7:|t\,v@) = H k(T}_\tm);
Vowlvg

7 def it
k®<TfS;t,vQ) = ® k®(-|-‘/—:‘t|,v@);

+
[t|€S;

_ dt _ _
R (P ) = RO Fse ) @ K9 F0) © K9(F;

£ o)

|

By replacing "k by “Z", we obtain the compact submodules
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T Fiug) € F2(\Fgag)s T(Fge,,) C FO(Fez )

;VQ
® 7®
I (U-'Siy) C k (T]-"Sf’y).
By considering the Q-spans of them, we obtain the Q,-vector spaces

(@) Fiag) € FO(Fgu)s @)% Fye ) € R0 Fse )

@)% Fz,) © R Fer,).
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T Fiug) € F2(\Fgag)s T(Fge,,) C FO(Fez )

;VQ
T(Fe,) € K (7).
By considering the Q-spans of them, we obtain the Q,-vector spaces
(T ( Fiteg) € B2 Fug)i @)% Fez ) © KO Pz )i
@)% Far,) © KO Fgz ).
Note: We can construct étale-like versions
("D uy) S (Z%)%Dyug) S k2(MDyyyy);
® ® 7® )
1 (TDS;.E,U@) c (T )@(T,DS;EUQ) Ck (TDS?:,UQ),
I®(TDS§E72) < (I®)Q<TDS;E&) < k®(TDSh)'
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{Tg\:r“}\tIEIT\: a “capsule” of F*K_prime-strips

=X =X =X
= ({Tgm M}mesf = {Tgm M}|t\esji o {Tgltl M}Wegﬁ)

Let us define the local mono-analytic tensor packets as follows:
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|
{Tg\:r“}\tIEIT\: a “capsule” of F*K_prime-strips

=X =X =X
= ({Tgm M}mesf = {Tgm M}|t\esji o {Tgltl M}Wegﬁ)

Let us define the local mono-analytic tensor packets as follows:
For [t| € |T|, v|vg € V(Q), 1<j<IF,

k®(T FXM mf II k+ qu)

It\ v@ [t],w
YQMMQ
7.9 1 FXu def ® FXu
ROFN) = Q) RCF)
|tlesE
k@(T‘/—_-FXu) def k@(TfFX/J, )®%§(T‘F.|:Xﬁ ) g If (TJ—_-FX[L )
J 1Y vQ

By replacing E+ by “Z", we obtain the compact submodules
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I@(T]:"XH) C }{;’?(T]_—'—ng); I@(T]_—SFXHQ) C k@(T]:FXu)
J’ »VQ
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I@(T]_—"Xu) C E?(T]:'—Xu); I@(T]_—'—Xu ) C %%(T]:ZXM );
vQ SJ UQ Sj ,UQ
I@(TJ—_-FX;L) g k (TfFXu)

J:U U

By considering the Q-spans of them, we obtain the QQ,-vector spaces

- 7 - = >~ -
(%) (T]:Itlxu) < ’ﬂ?(fﬂt@g)? () (T]: JX,ZQ) < kf(u—sfxg@);

(T®)QIFLIH) C k®<*f”“>

S U U
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®(t Fxp LRt FEXp .
tag) € F+CFpg)i T7(Fgey ) © RR(Fge )
TUFEY) € REOFLD.
) C

.7 = &

By considering the Q-spans of them, we obtain the QQ,-vector spaces

()% F) € R2OF ) @RI < ROFLh):
5

\Q(f £Hxp LR (T rxp

(I)(JTSv)Ck(JT W)

Note: We can construct étale-like versions

I9("Dlyuy) S (T9)%(Djy,,)

N

k®( D|t‘ ’U@)

7% (TDgi ) < (z@)@(fpg?%) C k®(TDSi Pk
(DL ) € (@9)9(DL,) € BT )
Arata Minamide (RIMS, Kyoto University)
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Local logarithmic Gaussian procession monoids
We consider the infinite chain of log-links
[ig _1T7_[7,6ie11NF E? _OTHTeieHNF [‘E ITH7_@:te11NF [ig
which determines
—1fqy7D-OFINF X —0f9 7 D-0*INF % 19, 7D-0FINF ~

5

Let v e VP neZ.
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Local logarithmic Gaussian procession monoids
We consider the infinite chain of log-links

[ig _1T7_[7,6:I:e11NF [ig _OT%T@iellNF [cg ITH7_@:te11NF [ig o
which determines

—1fqy7D-OFINF X —0f9 7 D-0*INF % 19, 7D-0FINF ~

-5 5

Let v e VP neZ.

Recall: We have the Frobenius-like Gaussian monoids

V7 ("E) € «¥r.("E) € ] O0(mE )y
[t|eT*
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We shall write
n n
\II-FLGP Wy 00 \IIJ:LGP U

and refer to as the Frobenius-like local Logarithmic Gaussian Procession
monoids the images of \I/;gau(mig), Oo\Il;gau(Tnig) via
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We shall write
n n
\IIJ:LGP&’ OO\II]:LGPaﬁ

and refer to as the Frobenius-like local Logarithmic Gaussian Procession
monoids the images of \I/;gau(mig), Oo\Il;gau(Tnig) via

A tn ~ Al n ~
H OQ(T £g)‘t| - H OQ(T ]:It\yy)|t| A H O‘E(fnq]:ltm)

[t|eT* [t|eT* [t|eT*
7.in—1 7 -1
c I k"' Fgw) = TIF(" P L)
t|eT* jeJ

— where “5"  arises from the definition of Hodge theaters;
“&" arises from the log-link n—1tqy T OFINF log nfq T O*NF

<" arises from T*% 5 J and “(—) = 1@ (-)".
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We shall write
OTHT@iellNF

for the D-OT°!'NF theater (det'd up to isom.) obtained by identifying

the infinite chain of (full-poly) isomorphisms

~ _@tell ~ _@tell ~ _@tell ~
A ITHT'D@ NF ~ OTHTD@ NF ~ ITHT'D@ NF ~
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We shall write
OTHTeie“NF

for the D-OT°!'NF theater (det'd up to isom.) obtained by identifying

the infinite chain of (full-poly) isomorphisms

~ _@tell ~ _@tell ~ _@tell ~
A ITHT'D@ NF ~ OTHTD@ NF ~ ITHT'D@ NF ~

Then, by applying a similar const. to the étale-like Gaussian monoids

qjgau(ToD>,y) C oo\Ilgau(TOD>,y) C H @‘;(TOD>&)|t\7
[t|eT*
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We shall write
OTHTeie“NF

for the D-OT°!'NF theater (det'd up to isom.) obtained by identifying

the infinite chain of (full-poly) isomorphisms

~ _@tell ~ _@tell ~ _@tell ~
A ITHT'D@ NF ~ OTHTD@ NF ~ ITHT'D@ NF ~

Then, by applying a similar const. to the étale-like Gaussian monoids

qjgau(ToD>,y) C oo\Ilgau(TOD>,y) C H @‘;(TOD>&)|t\7
[t|eT*

we obtain étale-like local Logarithmic Gaussian Procession monoids

o fo
\IJDLGP727 oo\I’DLGP&‘
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log-Kummer correspondences (LGP monoids)
For each n € Z, we have the Kummer isomorphisms

tn ~  to tn ~  fo
\II]:LGP& - \IIDLGP&’ OO\II]:LGP& - oo\I’DLGP&'

Arata Minamide (RIMS, Kyoto University) Log-Theta Lattice September 3, 2021 37 / 54



log-Kummer correspondences (LGP monoids)
For each n € Z, we have the Kummer isomorphisms

tn ~  to tn ~  fo
\II]:LGP& - \IIDLGP&’ OO\II]:LGP& - oo\I’DLGP&'

JF”\I/XG C tng

Fropw © . the Gal-inv. of the group of units (& (’)IX(E)

FLGPY

gL C MUz .00 the “splitting monoid” gen. by py and &N

FLgPv =
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log-Kummer correspondences (LGP monoids)
For each n € Z, we have the Kummer isomorphisms

tn ~  jo tn ~
\II]:LGP& - \IIDLGP,E’ OO\II]:LGP& - oo\I’DLGP&'
g xG n
\II]:LGP v o

gL C MUz .00 the “splitting monoid” gen. by py and &N

FLGpPY =

FLGP*

the Gal-inv. of the group of units (= O )

and UL act on the tensor packets

S J[E®)%(D g )

j+12

. In
Note: \IJJ:LGPU Frapw

® n—1
[T 7 )
JE€J jeJ
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log-Kummer correspondences (LGP monoids)
For each n € Z, we have the Kummer isomorphisms

tn ~  jo tn ~
\II]:LGP& - \IIDLGP,E’ OO\II]:LGP& - oo\I’DLGP&'
g xG n
\II]:LGP v o

gL C MUz .00 the “splitting monoid” gen. by py and &N

FLGpPY =

FLGP*

the Gal-inv. of the group of units (= O )

and UL act on the tensor packets

S J[E®)%(D g )

j+12

. In
Note: \IJJ:LGPU Frapw

® n—1
[T 7 )
JE€J jeJ

We want to make these actions “invariant w.r.t. the action +1 ~ Z".
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Write (Z%)%(—) € [[;,(Z®)%(~). Let O e {xG,L}.
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Write (Z%)%(—) € [[;,(Z®)%(~). Let O e {xG,L}.

nyyQ
f \IJ]:LGPU
m
(I@)?(Tnflfgi ) L) (Z%); (Tn}'i ) *> (I®) (Tn+1]_-i ) &)
j+102 ]Jrl, ]H’
KumJ/Z KumJ/Z KumJ{?
® Q T - T s | ® f——_ U
5 P “’) < ) (D, +1”) (T ) ( “D,. ;+1v)
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Write (Z%)%(—) € [[;,(Z®)%(~). Let O e {xG,L}.

FLGP Y
~
(TFO T Fer ) = (T Fr ) — (TF( 1T ) — -
Kuml? Kuml? Kumi?
Qt f fo _
@)50°D_gs ) @)50°D_gs ) (@)D, g3 ,) ==
In IUT, we consider the log-Kummer correspondence
K [ m Tn\IJD I® '[‘OD }
{ um o log ( ]'—LGP:E> N ( ) ( SJ+1’) n€Z, mElsg

which is “invariant” w.r.t. the action Z>n—n+1¢€ Z.
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Note:

@ Suppose that [0 =_1. Then the only portions of these actions
that are possibly related to one another via these log-links are
the indeterminacies w. r. t. multiplication by roots of unity

in the domains of the log-links (cf. const. mult. rigidity).
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Note:

@ Suppose that [0 =_1. Then the only portions of these actions
that are possibly related to one another via these log-links are
the indeterminacies w. r. t. multiplication by roots of unity
in the domains of the log-links (cf. const. mult. rigidity).

=—> Indeterminacies at n that correspond — via log —
to “addition by zero” at n+1
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Note:

@ Suppose that [0 =_1. Then the only portions of these actions
that are possibly related to one another via these log-links are
the indeterminacies w. r. t. multiplication by roots of unity
in the domains of the log-links (cf. const. mult. rigidity).

=—> Indeterminacies at n that correspond — via log —

to “addition by zero” at n+1 == non-interference!
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Note:

@ Suppose that [0 =_1. Then the only portions of these actions
that are possibly related to one another via these log-links are
the indeterminacies w. r. t. multiplication by roots of unity

in the domains of the log-links (cf. const. mult. rigidity).

=—> Indeterminacies at n that correspond — via log —

to “addition by zero” at n+1 == non-interference!

@ Suppose that [0 = xG. Then we only know

U Kumolog™(Mwz? ) < (Z%)F(°D_ g )

Frap.v 1Y
HEZ, mGZZO

(cf. “upper semi-commutativity")
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Note:

@ Suppose that [0 =_1. Then the only portions of these actions
that are possibly related to one another via these log-links are
the indeterminacies w. r. t. multiplication by roots of unity

in the domains of the log-links (cf. const. mult. rigidity).

=—> Indeterminacies at n that correspond — via log —

to “addition by zero” at n+1 == non-interference!

@ Suppose that [0 = xG. Then we only know

U Kumolog™(Mwz? ) < (Z%)F(°D_ g )

Frap.v 1Y
HEZ, mGZZO

(cf. “upper semi-commutativity") = (Ind3)!
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Case of number fields

Note: By our assumption, C = [X/{£1}] descends to the hyperbolic

orbicurve Cpg ., over Fioq.

D° ~ 7m'(Ck), D® ~ 7Y(Ck..,) = D° — D?
def

Smod = [Spec(Ox)/Gal(K/Fuod)]

F© (resp. F®): the Frobenioid whose objects are pairs (X, L)
where X is a fét cov. of Cp (resp. Cp,..);
L is an arith. line bdl over Nor(X/Smod)

fﬁod: the Frobenioid whose objects are pairs (Spod, £)

L is an arith. line bdl over Sp,0q
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Theorem

3functorial algorithm

DY Fuea('DY)
corresponding to the field Fynoq. Moreover, ? functorial algorithm for
constructing the Kummer isomorphism

~

(7717 = Fuoa('F)* 5 Fuoa('DY).
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Theorem
3functorial algorithm
DY Fmod(T'D‘O )
corresponding to the field Fynoq. Moreover, ? functorial algorithm for

constructing the Kummer isomorphism

~

(Tf N TJf) — Fmod(f./—_**)x ~ Fmod(TD‘O )>< )

Idea:

e Evaluation of a “k-coric function” at various pts ~» F

@ Reconstruct the decom. gps C ﬁ‘i’t(Cpmod) assoc. to various pts

by applying the theory of Belyi cuspidalization

e An elementary equality QsoNZ* = {1}
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Global tensor packets

Note: TFoq Foa(TF®)U {0} admits a nat'l str. of field.
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Global tensor packets

Note: TFoq Foa(TF®)U {0} admits a nat'l str. of field.
= By applying F;*-symmetry, for any j, j’ € J,

((TFmod)j :> Fmod(TD(@)j) :> ((TFmod)j’ :> Fmod(T,D(@)j’)
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Global tensor packets
Note: TFioq & Foa(TF®)U {0} admits a nat'l str. of field.
= By applying F;*-symmetry, for any j, j’ € J,

("Fuoa)j = Fuoa("D);) = (((Funod)jr = Finoa("D?);1)

— We can define the diagonal ("F0a);) C HjeJ(TFmod)j
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Global tensor packets

Note: TFoq Foa(TF®)U {0} admits a nat'l str. of field.

= By applying F;*-symmetry, for any j, j’ € J,
((TFmod)j :> Fmod(TD@))j) :> ((TFmod)j’ :> Fmod(T,D@)j’)

— We can define the diagonal ("F0a);) C HjeJ(TFmod)j

—> We obtain the global tensor packet

def
(J[ijod)g;L = ® (TFmod)|t|
J

+
[t|€S5

— where (TFmod)\ﬂ = (TFmod)j ('f |t| SAE J), (TFmod)<J> (If ’t| = 0)
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Two natural ways to approach the construction of fgod
° FﬁOD (rational function torsor version)

An object T = (T, {ty}vev) of Fyjop consists of a collection

(a) an F*

mod

-torsor T';

(b) for each v € V, the trivialization ¢, of the torsor “T}," obt'd from T

subj. to a certain condition “*t € T' s.t. t, coincidesw/ ..."

@ . . .
e F.o (local fractional ideal version)

An object J = {Jy}pey of Frp consists of a collection of

“fractional ideals” J, C K, st. J, =0k, foraa. veV
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We have nat’l isoms of Frobenioids

® N r® N T®
Fooo = Fmod — Fnop-
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We have nat’l isoms of Frobenioids
® @~ T® ~ @
Fooo = Fmod — Fnop-
Note:

@ The construction of fﬁOD depends only on the multiplicative

X

structure of S od-
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We have nat’l isoms of Frobenioids
® @~ T® ~ @
Fooo = Fmod — Fnop-
Note:

@ The construction of fﬁOD depends only on the multiplicative

X

structure of S od-

= “not interfere” in the log-Kummer corr. (cf. below)
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We have nat’l isoms of Frobenioids
® @~ T® ~ @
Fooo = Fmod — Fnop-
Note:

@ The construction of fﬁOD depends only on the multiplicative
X

structure of F ..
= “not interfere” in the log-Kummer corr. (cf. below)

— suited to the construction of the ©-link
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We have nat’l isoms of Frobenioids
® @~ T® ~ @
Fooo = Fmod — Fnop-
Note:

@ The construction of fﬁOD depends only on the multiplicative
X

structure of F ..
= “not interfere” in the log-Kummer corr. (cf. below)

— suited to the construction of the ©-link

@ The construction of ]-"ﬁ?ob involves the module, i.e., the additive,

structure of the localizations K.
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We have nat’l isoms of Frobenioids
® @~ T® ~ @
Fooo = Fmod — Fnop-
Note:

@ The construction of fﬁOD depends only on the multiplicative

X
structure of F ..
= “not interfere” in the log-Kummer corr. (cf. below)

— suited to the construction of the ©-link

@ The construction of ]-"ﬁ?ob involves the module, i.e., the additive,
structure of the localizations K.

= ‘“interfere” in the log-Kummer corr. (cf. (Ind3))
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We have nat’l isoms of Frobenioids
® @~ T® ~ @
Fooo = Fmod — Fnop-
Note:

@ The construction of fﬁOD depends only on the multiplicative
X

structure of F ..
= “not interfere” in the log-Kummer corr. (cf. below)

— suited to the construction of the ©-link

@ The construction of ]-"ﬁ?ob involves the module, i.e., the additive,
structure of the localizations K.
= ‘“interfere” in the log-Kummer corr. (cf. (Ind3))

= but, suited to the explicit comp. by means of log-volumes
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log-Kummer correspondences (number fields)

We consider the infinite chain of log-links
log —1tq 7OFINF 109 —0f7 O*INF 09 1f9 ro=INF log

Let neZ, 1<j<I*
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log-Kummer correspondences (number fields)
We consider the infinite chain of log-links

99 1t OtINE g 0t O*INE g 1y e*lNF log o

Let n€Z, 1<j<I* Considering "~1i7{7TO*"NF ¢ niqyOtINF
together w/ the definition of Hodge theaters, we have

(TnFmod)j — (TnFmod)gz_l: — || E@)(Tn_lfSi ,’UQ)'
J+1 J+i
veV(Q)
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log-Kummer correspondences (number fields)
We consider the infinite chain of log-links

99 1t OtINE g 0t O*INE g 1y e*lNF log o

Let n€Z, 1<j<I* Considering "~1i7{7TO*"NF ¢ niqyOtINF
together w/ the definition of Hodge theaters, we have

(TnFmod)j — (TnFmod)gz_l: — || E@)(Tn_lfSi ,’UQ)'
J+1 J+i
veV(Q)

Write
(mFyvop); or  (MFueo);

for this image.

Arata Minamide (RIMS, Kyoto University) Log-Theta Lattice September 3, 2021 45 / 54



log-Kummer correspondences (number fields)
We consider the infinite chain of log-links

99 1t OtINE g 0t O*INE g 1y e*lNF log o

Let n€Z, 1<j<I* Considering "~1i7{7TO*"NF ¢ niqyOtINF
together w/ the definition of Hodge theaters, we have

(TnFmod)j — (TnFmod)gz_l: — || E@)(Tn_lfSi ,’UQ)'
J+1 J+i
veV(Q)

Write
(mFyvop); or  (MFueo);

for this image. ~~ Using ("Fyop)j, we obtain ("mFyiop);
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Using (1" Fie)s, together w/ the integral structure

I3l
7.Qtn—1 7.Qtn—1
O%®(M_1]‘—\j\,y) = k (T ﬂﬂ,y) = k (T ‘FS;t+1,v@)’

we obtain ("mF% ).
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Using (" Fo))j). together w/ the integral structure

N 7<:/®(T"*1]-"|j|72) o KO TFEL ),

O~
RE(T=1F)0) Sivive’’

we obtain ("MF&.);. = nat'lisom ("mFi ) = (MFes);
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Using (T Fiod))j|, together w/ the integral structure
1.® (tn—1 7.9 1
o (AL o RO R ),

Oke in-17,,.,)
we obtain ("MF&.);. = nat'lisom ("mFi ) = (MFes);
We have étale-like versions and Kummer isom

(" Fuo); = (Fppey);j

("Puop); = (Fpyen);s
(" Faa)i = (°Fp_ ;.

Note:

®

Dmob )j’

~ (-l-o

(Tn}— MOD)j —

September 3, 2021 46 / 54
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Using (" Fo))j). together w/ the integral structure

N 7<:/®(T"*1]-"|j|72) o KO TFEL ),

O~
RE(T=1F)0) Sivive’’

we obtain ("MF&.);. = nat'lisom ("mFi ) = (MFes);

Note: We have étale-like versions and Kummer isom.
("MFuon); = (Poyop)is  (MFuw); = (°Fp,,,);

("Fion)i = Fpuon)is ("Fawdi = (“Fp, )i

Note: Thanks to the integral str., we can compute the degrees of
arith. line bdls “e” (" Fz);, (°Fp ); by means of

the log-volumes.
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Write (Z2)3(—) € [Tpevio)(T®)%(-)-
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Write (Z2)3(—) € [Tpevio)(T®)%(-)-

(" Fvion)
5%
(I®) (tn= 1]-‘Siﬂ’%) LN (I®)8(Tn]:§ﬁpv@) _ s o (I®)Q(Tn+1]_— %00 ) _o
Kumlz Kumlz Kumll
@(Ds 52, 00) @3 s ) TGPy 55, g) =—— -
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-
Write (Z2)3(—) € [Tpevio)(T®)%(-)-

(" Fymon) 5

5%

log

@O P, o) — 2 @OF(Fr ) — 2 TG T L)

Kumlz Kumll Ku ml?

@)FD, gt o) (Z®)7(°Dy g+ o) (z%)7(°D,.

l

i +1:VQ i+1°VQ SJ+17“Q

In IUT, we consider the log-Kummer correspondence

{Kumotog™("Fuon)}) ~ (3D g1 )}
) >0

which is “invariant” w.r.t. the action Z>n—n+1¢€ Z.
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Note:

@ The only portions of these actions that are possibly related
to one another via these log-links are the indeterminacies
w. r. t. multiplication by roots of unity in the domains of

the log-links — cf. the following fact:
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Note:

@ The only portions of these actions that are possibly related
to one another via these log-links are the indeterminacies
w. r. t. multiplication by roots of unity in the domains of

the log-links — cf. the following fact:

Fact: Let L be an NF. If x € L™ is unit at all places,

then x is a root of unity.
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Note:

@ The only portions of these actions that are possibly related
to one another via these log-links are the indeterminacies
w. r. t. multiplication by roots of unity in the domains of

the log-links — cf. the following fact:

Fact: Let L be an NF. If x € L™ is unit at all places,

then x is a root of unity.

—> Indeterminacies at n that correspond — via log —

to “addition by zero” at n+1
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Note:

@ The only portions of these actions that are possibly related
to one another via these log-links are the indeterminacies
w. r. t. multiplication by roots of unity in the domains of

the log-links — cf. the following fact:

Fact: Let L be an NF. If x € L™ is unit at all places,

then x is a root of unity.

—> Indeterminacies at n that correspond — via log —

to “addition by zero" at n+1 = non-interference!
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|
O Lp-links
Let us recall the notion of a Oghi-link (cf. [IUT2]):

t tellNE Ggalﬂ 1 OTelINF Tdbexp ™~ 1 IFpx
HT® BT D Bt B

(a) (loc. unit gps) Ggm(’);g = Gy v OZF

v

(b) (loc. val. gps)  ({&"}jmip,. ) > @ (if w e V™)

(c) (glob. val. gps) glob. real'd Frob. +— glob. real'd Frob.
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|
O Lp-links
Let us recall the notion of a Oghi-link (cf. [IUT2]):

gau

t £lNF Ol 17, @FUNF,  folexp ~ folbxp
HT® IS . T3 N

(a) (loc. unit gps) Ggm(’);g S Gng%Z

(b) (loc. val. gps) ({&" }jmrp,. )™ = ¢ (if we V™)
(c) (glob. val. gps) glob. real'd Frob. +— glob. real'd Frob.

We consider two infinite chains of log-links

) log T*l’HT@ieHNF log TO’HT@ie“NF log ﬂ,H,T@j:ellNF log

) log iilHT@iellNF log iO,H,T(_)iellNF log il,HT(_)iellNF log
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Replacing the data in the left-hand side of (a), (b) (resp. (c)) by the
data arise from {1°Wr .. }uev (resp. (°F2 )5 = ("Fiop)i)

we obtain the @E(‘;‘P—Iink

+ell ork +ell I ~ I
TOHTQ NF EP 107_[7—@ NF; TO&LE;N X iOSA’X”.
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Replacing the data in the left-hand side of (a), (b) (resp. (c)) by the
data arise from {TO\IJJ:LGP-,K}MGY (reSP- (Tofr(n@od)j = (TO I\*IOD)J)'

we obtain the @E(‘;‘P—Iink
X

104, 0%INF OLGP 10 EellNF| {0abexp ~ $0~exp

HT LGP 097 ;o TOFLEak 5 H0giek

Note: Then we have
. - = 1 “ ] ”
o objects of (c) in I°F &5 det'd by (a7}, 15 s, yeyves
which we shall refer to as ©-pilot objects
o objects of (c) in 10F.>** det'd by “{g’w}weybad”

which we shall refer to as ¢-pilot objects
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Replacing the data in the left-hand side of (a), (b) (resp. (c)) by the
data arise from {TO\IJJ:LGP-,K}MGY (reSP- (Tofr(n@od)j = (TO I\*IOD)J)'

we obtain the @E(‘;‘P—Iink
X

104, 0%INF OLGP 10 EellNF| {0abexp ~ $0~exp

HT LGP 097 ;o TOFLEak 5 H0giek

Note: Then we have
. - = 1 “ ] ”
o objects of (c) in I°F &5 det'd by (a7}, 15 s, yeyves
which we shall refer to as ©-pilot objects
o objects of (c) in 10F.>** det'd by “{g’w}weybad”

which we shall refer to as ¢-pilot objects

= The GE(’;‘P—Iink maps O-pilots object to g-pilot objects.
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Multiradial algorithms via LGP-monoids/Frobenioids

(i) (multiradial representation) T°9Mpqp is a collection as follows:
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Multiradial algorithms via LGP-monoids/Frobenioids

(i) (multiradial representation) T°9Mpqp is a collection as follows:

(a) For V3 ujvg € V(Q), 1 < j <I%, the mono-an. ét-like log-shells
I®(TODQJ¢W), I®(T0ngi,y)7

and the (procession-normalized) log-volumes on them.

Arata Minamide (RIMS, Kyoto University) Log-Theta Lattice September 3, 2021 51 / 54



Multiradial algorithms via LGP-monoids/Frobenioids
(i) (multiradial representation) T°9Mpqp is a collection as follows:
(a) For V3 ujvg € V(Q), 1 < j <I%, the mono-an. ét-like log-shells

and the (procession-normalized) log-volumes on them.
(b) For v € VP8, the ét-like splitting monoid

U o (E9F(°D gx ) ) (T%)F(Ds:

+
-8 S

j+1Y

Arata Minamide (RIMS, Kyoto University) Log-Theta Lattice September 3, 2021

51 /54



Multiradial algorithms via LGP-monoids/Frobenioids
(i) (multiradial representation) T°9Mpqp is a collection as follows:
(a) For V3 ujvg € V(Q), 1 < j <I%, the mono-an. ét-like log-shells

and the (procession-normalized) log-volumes on them.
(b) For v € VP8, the ét-like splitting monoid
B e (D g, ,) ) (T9)5(7 D

+
~SE

(c) For 1 < j <%, the ét-like number field

(TOF'DMOD)j = (TOFDmoa)j m~ ((I®) (TOD ST

j+1vQ
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and the ét-like Frobenioids

(Tof%MOD)j :> (Tof%mob)j
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and the ét-like Frobenioids

(TOI%MOD) :> (Tof®mob )j

If we regard these data (a), (b), (c) up to the indeterminacies
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and the ét-like Frobenioids
(" P

If we regard these data (a), (b), (c) up to the indeterminacies

(Ind1) — which arises from the aut of proc. of D" -prime-strips

5 (T

°
o (Ind2) — which arises from the aut of F"*H-prime-strips

September 3, 2021 52 / 54
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and the ét-like Frobenioids
(" P

If we regard these data (a), (b), (c) up to the indeterminacies

(Ind1) — which arises from the aut of proc. of D" -prime-strips

5 (T

°
o (Ind2) — which arises from the aut of F"*H-prime-strips

then we have % cp = PRiap.
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and the ét-like Frobenioids

= (oFp

("7 )

MOD)
If we regard these data (a), (b), (c) up to the indeterminacies
o (Ind1) — which arises from the aut of proc. of D" -prime-strips

o (Ind2) — which arises from the aut of F"*H-prime-strips

then we have % cp = PRiap.

(i) (fog-Kummer correspondence) For n € Z, we have the Kum. isoms

~ (- ~ °

) & IE(MFLY) S T9(P D ),
~ = ~ )

(" Fee ) & I®(F, ;f) 5 oze¢ DQ;Q
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which are comp. w/ the respective log-volumes
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which are comp. w/ the respective log-volumes

(b) For v € VPad, _— -
n ~ o
\Il]'—LGPyQ - \IIDLGP,Q
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which are comp. w/ the respective log-volumes

(b) For v € VPad, _— -
n ~ o
\Il]'—LGPyQ - \IIDLGP,Q

(c) For1<j < I*,
("Fyvop); = (Fpyop)is  (MFue); = (Fpy,);

(Tnfl\@?[OD)J :> (TO’F%MOD)‘ <Tnfmoa) :> (tofgmoa)j
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which are comp. w/ the respective log-volumes
(b) For v € VPad, _— -
n ~ o
\Il]'—LGPyE - \IIDLGP,E

(c) For 1 < j <I¥,

~ ~

("Fyvop); = (Fpyop)is  (MFue); = (Fpy,);

("Fop); — (°Fp (" Fa)i = (°Fp_);

MOD) ‘

Note:

@ As one varies n € Z, the various isoms of (b) and of the first line of

(c) are compatible. (= compatibility concerning “MOD")

e By allowing (Ind3), as one varies n € Z, the various isoms of (a)

are compatible.
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which are comp. w/ the respective log-volumes
(b) For v € VPad,
L ~  toyyL
Tn\II}—LGP,y = \IIDLGP,E
(c) For1<j <IF,

~

("Fyvop); = (Fpyop)is  (MFue); = (Fpy,);

(Tnfl\@?[OD)J :> (TO’F%MOD)‘ <Tnfmoa) :> (tofgmoa)j

Note:
@ As one varies n € Z, the various isoms of (b) and of the first line of
(c) are compatible. (= compatibility concerning “MOD")

e By allowing (Ind3), as one varies n € Z, the various isoms of (a)
are compatible.

e C—')X“ e
(iii) The isoms of (ii) are “comp.” w/ {09 TOFINE LGP j0q, OFINF,
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Log-volume estimates for O-pilot objects

Corollary

Write

~Jlog(8)| € RU {oc}
for the (process.-normalized, mono-an.) log-volume of the “holomorphic
hull” of the union of the possible images of a ©-pilot object, rel. to the

relevant Kum. isoms, in the multira’l rep’n of the previous (i), which we
regard as sub. to (Ind1), (Ind2), (Ind3);
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Log-volume estimates for O-pilot objects

Corollary

Write
—|log(©)| € RU {oo}

for the (process.-normalized, mono-an.) log-volume of the “holomorphic
hull” of the union of the possible images of a ©-pilot object, rel. to the
relevant Kum. isoms, in the multira’l rep’n of the previous (i), which we
regard as sub. to (Ind1), (Ind2), (Ind3);

~|log(g)| € R

for the (process.-normalized, mono-an.) log-volume of the image of a
q-pilot object, rel. to the relevant Kum. isoms, in the multirad’l rep’n.
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Log-volume estimates for O-pilot objects

Corollary

Write
~Jlog(8)| € RU {oc}

for the (process.-normalized, mono-an.) log-volume of the “holomorphic
hull” of the union of the possible images of a ©-pilot object, rel. to the
relevant Kum. isoms, in the multira’l rep’n of the previous (i), which we
regard as sub. to (Ind1), (Ind2), (Ind3);

—[log(g)] € R

for the (process.-normalized, mono-an.) log-volume of the image of a
q-pilot object, rel. to the relevant Kum. isoms, in the multirad’l rep’n.

Then it holds that —|log(©)| € R, and —|log(Q)| > —| 1og( ).

Arata Minamide (RIMS, Kyoto University) Log-Theta Lattice September 3, 2021 54 / 54



